In this paper, we analyse the long-time behaviour of the extended RKN (ERKN) integrators for solving highly oscillatory Hamiltonian systems with a slowly varying, solution-dependent high frequency. We prove that a symmetric ERKN integrator approximately conserves a modified action and a modified total energy over long time intervals based on the technique of varying-frequency modulated Fourier expansion. An illustrative numerical experiment is carried out and the numerical results strongly support the theoretical analysis presented in this paper. As a byproduct of this work, similar long-time behaviour is also investigated for an RKN method.
Introduction
It is well known that Hamiltonian systems frequently arise in many areas of science and engineering such as applied mathematics, molecular biology, electronics, chemistry, astronomy, mechanics and quantum physics. Numerical simulations of such systems usually require a long-time integration. This paper is devoted to the analysis of the long-time behaviour for extended Runge-Kutta-Nyström integrators (ERKN) when applied to the following highly oscillatory Hamiltonian system q = ∇ p H(q, p), q(0) = q 0 , p = −∇ q H(q, p),
with the Hamiltonian
where | · | denotes the Euclidean norm, ǫ is a small parameter satisfying 0 < ǫ ≪ 1, ω(q 1 ) stands for the frequency function, and the vectors p = (p 1 , p 2 ) ∈ R d1 × R d2 and q = (q 1 , q 2 ) ∈ R d1 × R d2 represent the positions and momenta, respectively. It is assumed that the frequency function ω(q 1 ) and the potential U (q) are smooth in the sense that all their derivatives are bounded independently of ǫ. Following [16] , the frequency ω(q 1 ) is also assumed to be slowly changing and has a fixed positive lower bound independently of q 1 , i.e., ω(q 1 ) ≥ 1.
Similarly to [16] , we choose the initial values as
which imply that the total energy H(q, p) is bounded by a constant independent of ǫ. As is known, the action of the system (1) is given by I(q, p) = 1 2
which is O(1) at the initial values (3) . It has been proved in [21] that this action is nearly conserved in the case of a single fast degree of freedom (d 2 = 1). With regard to the almost conservation of the action in the general case d 2 ≥ 1, it has been shown in [16] that the considered Hamiltonian system has the action as an adiabatic invariant over long times (the details are referred to Theorem 3.2 in [16] ). It is noted that the highly oscillatory system (2) has a slowly varying, solution-dependent high frequency ω(q1) ǫ . This system was first studied analytically in [22] . Then it has been researched in many publications and we refer to [1, 2, 7] for example. It is clear that when ω(q 1 ) ≡ 1, the system reduces to a highly oscillatory Hamiltonian system with a constant-frequency, which has been studied by using the technique of modulated Fourier expansions in [11, 17] . In the recent two decades, modulated Fourier expansions have been developed as an important mathematical tool in the study of the long-time behaviour for various numerical methods and different differential equations (see, e.g. [3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 14, 15, 18, 19, 23, 24] ). Very recently, Hairer and Lubich in [16] developed a varying-frequency modulated Fourier expansion for the highly oscillatory Hamiltonian system (2) , and then the long-time analysis of the Störmer-Verlet (SV) method was presented based on the Fourier expansion.
On the other hand, in order to solve highly oscillatory systems effectively and efficiently, a standard form of extended Runge-Kutta-Nyström (ERKN) integrators was formulated in [32] , and in the sense of geometric numerical integration they have been researched (see, e.g. [20, 25, 27, 28, 29, 30, 31, 33] ). Recently, the long-term energy behaviour of ERKN integrators for highly oscillatory Hamiltonian systems with constant frequencies has been researched in [26] by the modulated Fourier expansion. However, we note a fact that long-time behaviour of trigonometric integrators for the highly oscillatory system (2) with a solution-dependent high frequency has not been considered and researched so far.
When dealing with the nonlinear highly oscillatory systemq+Ω 2 q = f (q) such as the well-known Fermi-Pasta-Ulam problem of Section I.5.1 in [17] , the ERKN integrator behaves much better than the SV method, not only in the accuracy but also in the energy preservation (see Figure 1 for the results obtained by a one-stage ERKN integrator which will be researched in this paper, and the SV method, respectively). A remarkable advantage can be observed from an ERKN integrator that the corresponding highly oscillatory linear homogeneous equationq + Ω 2 q = 0 can be exactly solved by both the internal stages and updates of an ERKN integrator. Unfortunately, however, the SV method cannot share this important property. This point is crucial since the high oscillation is brought by the linear part Ω 2 q (see, e.g. [20, 30] for details). The fact stated above motivates us to further study the long time behaviour of ERKN integrators when applied to highly oscillatory Hamiltonian systems with a slowly varying, solution-dependent high frequency. Using the technique of varying-frequency modulated Fourier expansion developed in [16] , we will present a varying-frequency modulated Fourier expansion for one-stage explicit ERKN integrators and analyse their long-time behaviour. We remark that this paper seems to be the first research in the literature that rigorously studies the long-time behaviour of trigonometric integrators on highly oscillatory systems with a solution-dependent high frequency. As a byproduct of this paper, we also show the long-time behaviour of an RKN method, and it turns out that this RKN method conserves the same modified action and modified energy as those given in [16] . Moreover, the analysis presented in this paper is suitable for the long-time behaviour of the trigonometric integrators given in Chap. XIII of [17] and the implicit-explicit methods considered in [19, 24] from the case of a constant high frequency to a solution-dependent high frequency.
For the long-time behaviour of numerical methods applied to system (2), according to the comments "... as a concise proof of concept, we do not work out these interesting extensions here, but limit ourselves to the exemplary case of the Störmer-Verlet method" quoted from Harier and Lubich in [16] , the analysis of ERKN integrators is more complicated than that of SV method since ERKN integrators need the constant frequency in computations. We note that this paper will present "these interesting extensions" but is not aimed at the superiority of ERKN integrator compared with the SV method. This present paper tries to show that the ERKN integrator approximately conserves a modified action and a modified total energy over long time intervals by using the technique of varying-frequency modulated Fourier expansion. Moreover, we try to get similar longtime behaviour for an RKN method in a simple way, which is yielded as a byproduct of this paper.
In the part of numerical examples, we will show the numerical behaviour for the ERKN integrator and SV method. It will be seen that these two methods have good long-time behaviour and the ERKN integrator behaves better than the SV method.
It is noted that in comparison with highly oscillatory problems with constant frequencies, the solution of Hamiltonian systems with a solution-dependent high frequency admits a varying-frequency modulated Fourier expansion that extends the constant-frequency modulated Fourier expansion of [11, 17] . The novel expansion was developed by Hairer and Lubich in [16] and was used to the SV method to obtain its long-time behaviour. For the analysis of ERKN integrators, this new technology will also be applied instead of the modulated Fourier expansion which was considered in [26] .
The rest of this paper is organised as follows. In Section 2, we present the scheme of ERKN integrators for the solution of (1) . Then the main results of this paper are given in Section 3, and a numerical experiment is reported in Section 4. In order to prove the main results, the varyingfrequency modulated Fourier expansion of an ERKN integrator is established rigorously in Section 5. In Section 6, we show that the integrator nearly conserves a modified action over a long term. A similar result about the near conservation of a modified energy over a long term is derived in Section 7. Some concluding remarks are drawn in Section 8.
ERKN integrators
In order to apply an ERKN integrator to the highly oscillatory Hamiltonian system (2), we rewrite (2) as the following system of second-order ordinary differential equations (ODEs)
where
and g is the negative gradient of the following real-valued function W :
Remark 1 It is noted that this treatment replaces a factor − ω(q1) varies slowly. Moreover, the new presence does not affect the estimates of (14) compared to the SV method. Therefore, it will not cause any problems in the following analysis.
A standard form of ERKN integrators was formulated in [32] . Here, we represent its one-stage explicit scheme in a compact and conventional form.
Definition 1 (See [32] ) A one-stage explicit ERKN integrator for solving (4) is defined by
where h is a stepsize, c 1 is a real constant and c 1 ∈ [0, 1], b 1 (hΩ) andb 1 (hΩ) are matrix-valued and bounded functions. Here sinc(hΩ) is defined by (hΩ) −1 sin(hΩ).
According to the symmetry conditions of the integrators derived in [33] , the ERKN integrator (5) is symmetric if and only if
Remark 2 Concerning the computational cost of ERKN integrators compared with the SV method, the main part of the computational cost consists in the nonlinearity since the matrix-valued functions need to be computed only once. Both one-stage ERKN integrators and the SV method require the same number of nonlinear function evaluations.
Remark 3
In order to present this paper as a concise proof of concept, we only consider one ERKN integrator in the remainder of the analysis. It is noted that with the techniques used in this paper and by some modifications if necessary, it is feasible to derive the long-time results for other one-stage ERKN integrators.
3 Main results
Modified action conservation of an ERKN integrator
This part gives the modified action conservation of an ERKN integrator. We begin with introducing the modified frequency
and the following modified action
It can be verified that when υ = 0, these modified frequency and action become the modified frequency and action given by Hairer and Lubich in [16] , respectively.
Theorem 1 (Modified action conservation.) Choose a stepsize h = O(ǫ) 1 and consider the ERKN integrator (5) for solving (4) with initial values (3). It is assumed that for 0 ≤ nh ≤ T ,
for some odd integer N ≥ 1. Moreover, we require the symmetry conditions (6) and choosē
In this paper, the stepsize h is chosen such that the coefficientsb 1 (hυ), b 1 (hυ) of ERKN integrators are not zero. We have the following long-term modified action conservation of the ERKN integrator:
, where the constant symbolized by O depends on N but is independent of n, h and ǫ.
Modified energy conservation of an ERKN integrator
A modified energy conservation of an ERKN integrator will be presented in this part. To do this, we introduce another modified frequencỹ
and the following modified energy
It is noted that when υ = 0, these modified frequency and modified energy reduce to those introduced by Hairer and Lubich in [16] .
Theorem 2 (Modified energy conservation.) Under the conditions of Theorem 1, the following long-term modified energy conservation holds
From Section 5 to Section 7, we will prove the long-time behaviour of ERKN integrators stated in Theorems 1 and 2. For the analysis, the following key points will be considered one by one.
• In Section 5 the varying-frequency modulated Fourier expansion for ERKN integrators is derived and the bounds of the coefficient functions and defects are estimated.
• In Section 6, an invariant I of the modulated Fourier expansion is shown by Proposition 3 and its relationship with the modified actions is established. On the basis of these analyses, Theorem 1 is proved.
• In Section 7, Proposition 4 shows another invariant H of the modulated Fourier expansion. The relationship between this invariant and the modified energy is also established in this theorem. Finally, the long-time near-conservation of the modified energy H h stated in Theorem 2 is proved.
It is remarked that the above procedure is a standard approach to the study of the long-time behavior for numerical methods of Hamiltonian ordinary differential equations by using modulated Fourier expansions (see, e.g. [3, 4, 5, 11, 13, 16] ). The detailed proof of each key point closely follows [16] but with some necessary modifications adapted to the ERKN integrator. For brevity, we will only present the differences and skip the same derivations as those of [16] .
Long time conservation of an RKN method
It is noted that when υ = 0, the ERKN integrator for solving (4) reduces to the following one-stage explicit RKN method for solving (2)
where g is the nonlinearity in (4) without ω 0 . All the analysis presented in this paper holds true for this special case. Accordingly, we obtain the following result for the RKN method (10). 
, where the constants depend on N but are independent of n, h and ǫ. Here the modified actionÎ h and modified energyĤ h are given respectively by:
which are the same as those given by Hairer and Lubich in [16] .
A numerical experiment
As an illustrative example, we consider the Fermi-Pasta-Ulam problem of Section I.5.1 in [17] , where we replace the constant frequency by a slowly varying, solution-dependent high frequency (see [16] ). The system can be expressed by (2) with ω(q 1 ) = 1 + sin 2 (q 11 ) (q 11 denotes the first entry of the vector q 1 ) and
Following [16, 17] , we choose ǫ = 0.01 and
with zero for the remaining initial values. The coefficients of the one-stage explicit ERKN integrator are given by
We solve the system on the interval [0, 1000] with h = ǫ, ǫ/2 and ǫ/4. The errors of the modified action I h and modified energy H h against t for the ERKN integrator and for the SV method are shown in Fig. 2 , respectively. It can be observed from Fig. 2 that these two methods have good long-time behaviour. Moreover, in order to compare the performance of these two methods in a clearer way, we present the errors (logarithmic scale) of H h and I h in Tables 1-2 
Modulated Fourier expansion for the integrators
In what follows, we derive and analyse the varying-frequency modulated Fourier expansion for ERKN integrators.
Proposition 2 Under the conditions of Theorem 1, the numerical solution determined by (5) admits the following varying-frequency modulated Fourier expansion
where ζ
h,2 (t) = 0, the phase function φ(t) satisfies
and the remainder terms are bounded by
The coefficient functions as well as their derivatives up to arbitrary order M are bounded by
for k = 0, . . . , N + 1 and
for k = 1, . . . , N + 1, in addition to
Moreover, we have ζ are unique up to the terms with order of magnitude O(ǫ N +2 ). The constants symbolized by O are independent of h, ǫ and t with 0 ≤ t ≤ T , but depend on the constants N, T , the derivatives of ω(q 1 ) and U on K, and the maximum order M of considered derivatives of coefficient functions.
Proof We need only to briefly highlight the main differences in the construction of the coefficients functions since some parts of the proof are similar to those of Theorem 4.1 in [16] . Hence, the similar derivations of initial values and defects will be omitted for brevity.
We will prove that there exist two functions
with smooth coefficients ζ k h and η k h , such that
for t = nh.
I. Construction of the coefficients functions.
•
for Q (17) and (18) into the first equation of (5) and comparing the coefficients of e ikφ(t)/ǫ yields
Likewise, for the modulated Fourier expansion of Q n− 1 2 , we obtain the functioñ
Under the conditions (14) and (15), we have
for k = 0, . . . , N + 1, and ξ
2 Construction of the coefficients functions for q n . For the second term of the ERKN integrator (5), it follows from its symmetry that
Taking into account the operator defined in [17] L(hD) : = e hD − 2 cos(hΩ) + e −hD = 2 cos(ihD) − cos(hΩ)
the above formula can be expressed as
where κ = h ǫ . Therefore, inserting this into the right hand size of the formula
t). Comparing the coefficients of e ikφ(t)/ǫ
yields the following formal equations:
and
for k = 0. Here the sum ranges over α = (α 1 , . . . , α m ) with 0
α j , and (ξ h (t)) α is an abbreviation for (ξ α1 h (t), . . . , ξ αm h (t)). Proof of (12) . Under the conditions (14) , (15) and (19) and with careful observations, we find the dominating terms on both sides of (21) appearing for |k| = 1 and for ζ h,2 (t) = 2κ
This means that cos(∓κφ(t)) = cos(hυ) +b
in which we have utilised ξ 0 h,1 (t) = ζ 0 h,1 (t) + O(h). With the special choice ofb 1 (hυ) given in this theorem, (23) becomes 1 − cos(κφ(t)) = 2 sin 2 (κφ(t)/2) = κ 2 1 2 sinc
which proves (12) . Relation to ζ 0 h (t). According to (20) , we obtain a relation to ζ 0 h (t) as follows:
which gives the relation to ζ 
t). For ζ ±1
h,2 , we have discussed the ǫ −1 -terms in (21) . For the ǫ 0 -terms, we obtain the following relation
With the formula (12), it can be deduced that sin(κφ(t)) = 2 sin(κφ(t)/2) cos(κφ(t)/2)
.
Inserting all of these expressions into (25) leads tȯ
Thus, the relation to ζ
It follows from (8) and (12) that (5), we get a similar relation
As we have derived for the second term, we can obtain the relations for the modulated Fourier function of p n . Moreover, by considering the second and third formulae of (5) and the choice ofb 1 and b 1 , we obtain
which can be represented as
by defining L 1 (hD) = (e hD − 1)(e hD + 1) −1 . 
Based on this relationship between q
The above relations allow us to construct the functions and arrive at the bounds (14) and (15) (11) is satisfied without the remainder term for t = 0 and t = h. We note that the initial valueζ 0 h,1 (0) is obtained by considering (27) and p
The defect (13) can be obtained by the same arguments as in the constant-frequency case researched in [11, 17, 26] .
The proof is complete.
Action conservation of the integrator (proof of Theorem 1)
This section will prove the action conservation of the ERKN integrator. Similarly to [16] , the modulated Fourier expansion is considered on an interval of length O(h) and the coefficient functions and the phase function φ(t) are replaced by Taylor polynomials of degree M ≥ N + 3. Let
We obtain the following result about an invariant of the modulated Fourier expansion and its relationship with the modified actions.
Proposition 3 There exists a function I[ζ, η] such that
where the constants symbolized by O are independent of n, h and ǫ. The notation I[ζ, η] depends on ζ,ζ, . . . , ζ (M) and η,η, . . . , η (M) .
Proof Following [15] and without loss of generality, the coefficient functions ζ k h (t), η k h (t) and the phase function φ(t) can be assumed to be polynomials of degree at most M . Therefore, q k h (t) and p k h (t) are entire analytic functions of t.
It then from the analysis presented in the proof of Proposition 2 that
where we have used the following denotations
Rewriting the above equations in terms ofq
where U(q) and V(q) are determined by
Proof of the first statement. Consider the vector functionq(λ, t ± h 2 ) of λ below
It is clear that V(q(λ, t ± h 2 )) and U(q(λ, t ± h 2 )) do not depend on λ. Thus, we obtain
By letting λ = 0, one has
It then from the last two identities of (28) that
Inserting this result into (29) and considering the first two identities of (28), one obtains
+O(ǫ N ).
In terms of the Taylor expansion of L(hD) on p. 500 of [17] , we have
With this and the "magic formulas" on p. 508 of [17] , we deduce that (omitting the superscript k and (t) on q k (t))
Re(right-hand side term of (30))
The first expression of this result becomes zero and the last two lines are a total derivative. Likewise, the same conclusion holds for the term (31) . Therefore, there exists a function I[ζ, η] such that
and an integration yields the first statement of the theorem. Proof of the second statement. It can be obtained from the scheme of ERKN integrators that
Following the analysis on p. 133 of [16] and by the Taylor series around h = 0, we have
This leads to
Furthermore, by the expansion of q n derived in Proposition 2, one gets
Therefore, inserting the above two formulae into (7) yields
In what follows, we elaborate the dominant term of I[ζ, η](t). Fix t and consider q k h (t) = e ikφ(t)/ǫ ζ k h (t). For k = 0, from Lemma 5.1 given in [16] , it follows that
where c and the constant symbolised by O are independent of m ≥ 1 and ǫ. It can be seen from inserting this into (−1)
that the dominant term is to be the same whenever r + s = 2l + 1. Thus, it is obtained that (omit the superscript k and (t) in q
This implies that the total derivative of (32) is given by i 2ǫ
In a similar way, we can obtain the total derivative of (31) as follows
Combine these two total derivatives together and then we obtain
where the connection (33) between η 1 h,2 and ζ 1 h,2 was used here. In the light of (12) and the following fact
it is confirmed that
Remark 4 Based on the above proposition and following the same approach used in Section XIII.7 of [17] , the long-time near-conservation of the modified action I h given in Theorem 1 can be obtained.
Energy conservation of the integrator (proof of Theorem 2)
In this section, we prove the near-conservation of a modified energy for the ERKN integrator. We have the following almost-invariant of the modulated Fourier expansion.
Proposition 4
Under the conditions of Theorem 3, there exists a function H[ζ, η] such that
where the constants symbolised by O are independent of n, h and ǫ, and H[ζ, η] depends on ζ,ζ, . . . , ζ (M) and η,η, . . . , η (M) .
Proof Proof of the first statement. Similarly to that of Theorem 3, it is easy to get
+O(ǫ N ). 
which is a total derivative. In a similar way, we obtain that the term of (36) In the light of the bounds (14) and (15) The following result is used in the above derivation
which is obtained by considering the definition of V and the bounds given in Theorem 3.
In terms of the above analysis and Theorem 3, it is easy to obtain the second statement of the theorem.
Remark 5 Following Section XIII. 7 of [17] again, we can obtain a long-time near-conservation of the modified energy H h as stated in Theorem 2.
Conclusions
The long-time behaviour of an ERKN integrator was analysed rigorously for solving highly oscillatory Hamiltonian systems with a slowly varying, solution-dependent high frequency. A varyingfrequency modulated Fourier expansion of the ERKN integrator was developed and studied. On the basis of the expansion, we showed that the symmetric ERKN integrator has two almost-invariants and approximately conserves the modified action and energy over long times. This paper also shown an important observation from the numerical experiment that the numerical behaviour of the ERKN integrator is better than that of the SV method when solving highly oscillatory Hamiltonian systems with a slowly varying, solution-dependent high frequency (see Fig.  1, Fig. 2, Tables 1-2) .
Last but not least, we note that as a preliminary research on the long-term analysis of ERKN integrators for Hamiltonian systems with a solution-dependent high frequency, this paper is restricted to the exemplary case of the ERKN integrators with a fixed frequency. It is interesting but not so easy to extend the analysis of the present paper to ERKN integrators with a fixed but different frequency at each step. This issue will be our next investigation in future. If the high frequency also depends on p, the Hamiltonian ordinary differential equations will become a new scheme (not a second-order system any more). Both the integrators and the analysis presented in this paper are not applicable. The investigation of this general system will be our another issue considered in future.
